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Abstract: In order to solve fuzzy mathematical programming with soft constraints, the initial models must first be converted
into crisp models. Membership functions are employed to describe the fuzzy right鄄hand side parameters needed to achieve
this conversion. In some cases, echelon form membership functions (EFMFs) are required to depict the actual fuzzy situa鄄
tion. However, due to their discrete properties, fuzzy programming problems with such membership functions cannot be
modeled by traditional methods. Motivated by these challenges, this paper introduces a novel absolute value representation
modeling approach to formulate fuzzy programming using EFMFs. This approach can translate a discrete model to a continu鄄
ous one which can then be easily solved. Finally, by means of a numerical example, the effectiveness of our new approach
is demonstrated.
Key words: echelon form membership function; fuzzy right鄄hand side; absolute value representation
中图分类号: TP1摇 摇 DOI: 10. 13543 / j. bhxbzr. 2018. 01. 013

Received: 2017-05-22
First Author: male, born in 1985, post doctorate
E鄄mail: wenbokkk@ 163. com

Introduction
While solving practical optimization problems, un鄄

certain information, whose characteristics rendered tra鄄
ditional methods useless, has always been encountered
due to the insufficient understanding of the objective
facts. Aiming at this issue, Zimmermann[1] brought up
the fuzzy mathematical programming methodology ba鄄
sing on the fuzzy theory proposed by Zadeh[2] in 1978.
This method primarily focuses on solving the optimiza鄄
tion problems with uncertainties, with its kernel idea
being describing the fuzzy parameter by employing
membership functions and measuring the parameters爷
variation by satisfaction degree. Thus, fuzzy models
can be converted into crisp ones by eliminating fuzzy
factors. Since their pioneer work, this method has
been widely applied in various fields[3 - 6] owing to its
outstanding practicability.

Membership functions are acknowledged for char鄄

acterizing the fuzzy set. However, as decision makers
(DMs) have various understandings and acceptance for
even the same fuzzy concept, personal subjective pref鄄
erences will inevitably be involved, which results in
the fact that membership functions from different DMs
take shape in diverse forms. In practical applications,
the familiar forms of membership functions are all con鄄
tinuous[7 - 11] . Yet in accordance to some actual situa鄄
tion, membership functions will exhibit jumping prop鄄
erty, which means their membership degree values are
constant but different in specified interval. These func鄄
tions can be specified as echelon form membership
functions (EFMFs), which have already been applied
in fuzzy sequencing and other fields with excellent per鄄
formance [12 - 14] . Hence, in fuzzy programming prob鄄
lems, the functions can also be employed to represent
some fuzzy parameters with discrete properties. Howev鄄
er, with the special structural characteristic, EFMFs
cannot be expressed and modeled by traditional meth鄄
ods.

Motivated by the above challenges, the major ob鄄
jective of this paper is to propose a novel absolute value
representation method for modeling fuzzy programming



with EFMFs. Thus, the EFMF can be transformed by
the given method to achieve corresponding membership
degree during different interval with continuous expres鄄
sion form, and the fuzzy programming can be modeled
and solved. Furthermore, the effectiveness of the given
approach has been proven by a numerical case study.

1摇 Methodology
1郾 1摇 Echelon form membership function construc鄄

tion
Membership function is an effective tool to meas鄄

ure DMs爷 satisfaction degree in fuzzy mathematical
programming. The satisfaction degree can be used to
describe the objective function as well as right鄄hand
side soft constraints involved in the programming.
Membership functions have various forms, such as
trapezoidal, triangular, exponential, Gaussian, eche鄄
lon and so on. Among these functions of different
forms, the echelon form membership function is more
special relatively, as depicted in Fig. 1, which is con鄄
structed by several discrete segments with different
constant degree values respectively. The degree value
is switched to another constant number at the endpoint
in each segment, thus, the point can be specified as
the jumping point in accordance to its variation mode.
Thanks to its discrete property, it can be employed to
describe the fuzzy parameters with the echelon chan鄄
ging property in general.

Although the EFMF is consisted of discrete seg鄄
ments, its construction process must be carried out on
the basis of a continuous function. Hence, before the
process, a continuous function should be chosen as the
basic continuous function accordingly. Gaussian mem鄄
bership functions are acknowledged with superior per鄄
formance for describing people蒺s subjective prefer鄄
ences, thus, it has been chosen as the example to in鄄
troduce the process.

Take the following fuzzy programming for exam鄄
ple.

Max摇 z(xi),

s. t. g(xi) 寛臆b, (1)
h(xi)艿c.

Fig. 1摇 The echelon form membership function

where, the inequality and equality constraint are both
soft ones.

Firstly, construct the continuous membership
functions for the constraints[15] . Take the following
Gaussian membership functions for example.

滋g =
1, g(xi)臆b

e -
(g(xi) - b)2

2p1 , g(xi)逸
{ b

(2)

滋h = e -
(h(xi) - c)2

2p2 (3)
where, p1 and p2 are both width factors. The inequality
constraint corresponding membership function is unilat鄄
eral and the equality constraint corresponding one is bi鄄
lateral[16], as shown in Fig. 2 and Fig. 3.

Fig. 2摇 The unilateral membership function of g(xi)

Fig. 3摇 The bilateral membership function of h(xi)
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摇 摇 Secondly, choose the jumping points for the
EFMF in Gaussian membership functions according to
the analysis result decided by DM in view of the practi鄄
cal situation.

Choose the discrete points on the basis of func鄄
tions (1) and (2) as the jumping points. The chosen
situation is depicted as Fig. 4 and Fig. 5. The coordi鄄
nates of the points from left to right in Fig. 4 are: (q11,
1), ( q12,a11 ), ( q13,a12 ), ( q14,a13 ), ( q15,a14 ).
The coordinates of the points from left to right in Fig. 5
are: (q21,a21 ), ( q22,a22 ), ( q23,a23 ), ( q24,a24 ),
(q25,a25), (q26,a26), (q27,a27), (q28,a28).

Fig. 4摇 The chosen discrete points in 滋g
摇

Fig. 5摇 The chosen discrete points in 滋h

After deciding the membership degree constant
value of each segment, the corresponding EFMF can be
thereupon constructed, as shown in Fig. 6 and Fig. 7.
According to the changing trend of the degree value,
the EFMF in Fig. 6 can be specified as the descending
type with the jumping points on the right side of the
segments, meanwhile the EFMF with opposite trend
can be specified as the ascending type with the jumping
points on the left side of the segments.

The EFMF can be expressed by the following

Fig. 6摇 The echelon form membership functions of g(xi)

Fig. 7摇 The echelon form membership functions of h(xi)

摇 摇

functions.

滋g(xi) =

1, g(xi)臆q11

a11, q11 < g(xi)臆q12

a12, q12 < g(xi)臆q13

a13, q13 < g(xi)臆q14

a14, q14 < g(xi)臆q15

0, q15 < g(xi

ì

î

í

ï
ï
ï
ïï

ï
ï
ï
ï )

(4)

滋h(xi) =

0, h(xi) < q21

a21, q21臆h(xi) < q22

a22, q22臆h(xi) < q23

a23, q23臆h(xi) < q24

a24, q24臆h(xi)臆q25

a25, q25 < h(xi)臆q26

a26, q26 < h(xi)臆q27

a27, q27 < h(xi)臆q28

0, q28 < h(xi

ì

î

í

ï
ï
ï
ï
ï
ï
ï

ï
ï
ï
ï
ï
ïï )

(5)

Considering the special form of the EFMF, the
modeling process will be hindered because it cannot be
represented as a continuous function by the traditional
method, which means a new expression method is re鄄
quired.
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1郾 2摇 Absolute value representation
Aiming at the question mentioned in section 1郾 1,

a novel absolute value representation method has been
given to formulate the EFMF. By means of absolute
value symbol, the different membership degree values
of each segment can be achieved along with the sign
(positive or negative) switching.

On account of ascending and descending type
membership functions differ in the position of their
jumping points, they differ in the representation meth鄄
od as well.

Assume the EFMF y has m discrete points, and
the coordinate value according to each point is ( xi,
yi),i = 1,2,…,m.

(1) If the function is of the ascending type, it
can be expressed as

y(x) = y1 + 移
m

i = 2
(yi - yi - 1)

| x - xi | + x - xi

2(xm - x1)
(6)

where, 腋·骎 is Gaussian rounding function which can
be characterized by

[m] = 0, 0臆m < 1
[m] = - 1, - 1臆m{ < 0

(2) If the function is of the descending type, it
can be expressed as

y(x) = y1 +移
m

i =2
(yi - yi -1)

|x - xi -1 | + x - xi -1

2(xm - x1)
(7)

Suppose that the function is of the descending
type. In the presence of x2臆x臆x3, there is,

y(x) = y1 + ( y2 - y1 )
| x - x1 | + x - x1

2(xm - x1)
+ … +

(yi - yi - 1)
| x - xi - 1 | + x - xi - 1

2(xm - x1)
(8)

where, owing to x臆x3, the terms after the third one
are all equal to 0, which means

y(x) = y1 + (y2 - y1)
| x - x1 | + x - x1

2(xm - x1)
+ (y3 -

y2)
| x - x2 | + x - x2

2(xm - x1)
= y1 + y2 - y1 + y3 - y2 = y3 (9)

Therefore, the membership degree values in every
segment of the EFMF can be achieved effectively by
摇 摇

the employment of formula (6) and (7). Then, fuzzy
programming with EFMFs can be formulated directly by
means of the following equations.

Max 姿

s. t. 姿臆滋g(g1) + 移
m

j = 2
(滋g(g j) - 滋g(g j - 1))

| g(xi) - g j - 1 | + g(xi) - g j - 1

2(gm - g1)
,

摇 摇 姿臆滋h(h1) +

移
q

j = 2
(滋h(h j)-滋h(h j - 1))

| h(xi) - h j | + h(xi) - h j

2(hn - h1)
+

移
n

j = q+2
(滋h(hj) -滋h(hj -1))

|h(xi) -hj -1 | +h(xi) -hj -1

2(hn -h1)
,

姿臆滋z . (10)
where, membership function 滋 and 滋 contain m and n
segments respectively; g and h are the abscissa value
for the jumping point in the corresponding membership
function; hq is the abscissa value for the left side jump鄄
ing point of the highest membership degree segment in
the bilateral membership function; 滋 is the objective
membership function. Thus, the fuzzy programming
with EFMFs can be modeled and solved by the given
formula.

2摇 Results
Consider the following numerical example.
Max z( xi ) = 10x2

1 + 10x2
2 + 20x2

3 + 5x1 + 5x2 +
21x3,

s. t. g(xi) = x2
1 + x2

2 + x2
3 + x1 - x2 - x3 寛臆400,

h(xi) = 2x2
1 + x2

2 + x2
3 + 2x1 - x2艿450,

i = 1,2,3. (11)
where, the equality and inequality constraints are all
soft ones. Supposing that the corresponding EFMFs
have already built by the DM as follows.

滋g(xi) =

1, g(xi)臆400
0郾 9, 400 < g(xi)臆409郾 2
0郾 72, 409郾 2 < g(xi)臆416郾 2
0郾 38, 416郾 2 < g(xi)臆427郾 8
0郾 1, 427郾 8 < g(xi)臆442郾 9
0, 442郾 9 < g(xi

ì

î

í

ï
ï
ï
ïï

ï
ï
ï
ï )

(12)
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滋h(xi) =

0, h(xi) < 420郾 8
0郾 3445, 420郾 8臆h(xi) < 433郾 1
0郾 7, 433郾 1臆h(xi) < 440郾 8
0郾 9, 440郾 8臆h(xi) < 447
1, 447臆h(xi)臆453
0郾 9, 453 < h(xi)臆459郾 2
0郾 7, 459郾 2 < h(xi)臆466郾 9
0郾 3445, 466郾 9 < h(xi)臆479郾 2
0, 479郾 2 < h(xi

ì

î

í

ï
ï
ï
ï
ï
ï
ï

ï
ï
ï
ï
ï
ïï )

(13)
The function figures are depicted in Fig. 8 and

Fig. 9 respectively.

Fig. 8摇 The echelon form membership function of g(xi)

Fig. 9摇 The echelon form membership function of h(xi)

In order to build the objective membership func鄄
tion, the optimum solution of the corresponding crisp
optimization problem should be initially obtained as:
z = 1252郾 658. By means of specifying the expectation
value of the objective function as 1350, the objective
membership function can be obtained as follows.

滋z =
z(xi) - 1252郾 658
1350 - 1252郾 658 (14)

Thus, the fuzzy programming model can be con鄄
structed with formula (10) above.

Max 姿,

s. t. 姿臆滋g(g1) + 移
5

j = 2
(滋g(g j) - 滋g(g j - 1))

| g(xi) - g j - 1 | + g(xi) - g j - 1

2(g5 - g1)
,

摇 摇 姿臆滋h ( h1 ) + 移
4

j = 2
( 滋h ( h j ) - 滋h ( h j - 1 ) )

| h(xi) - h j | + h(xi) - h j

2(h7 - h1)
+ 移

8

j = 6
( 滋h ( h j ) - 滋h

(h j - 1))
| h(xi) - h j - 1 | + h(xi) - h j - 1

2(h7 - h1)
,

姿臆滋z,
g(xi) = x2

1 + x2
2 + x2

3 + x1 - x2 - x3,
h(xi) = 2x2

1 + x2
2 + x2

3 + 2x1 - x2,
[ g1, …, g5 ] = [ 400, 409郾 2, 416郾 2, 427郾 8,

442郾 9],
[h1,…,h8] = [420郾 8,433郾 1,440郾 8,447,453,

459郾 2,466郾 9,479郾 2],
i = 1,2,3. (15)
With the GAMS solver, the optimal solutions can

be achieved at: 姿 = 0郾 7, x1 = 0郾 289, x2 = 1郾 231,
x3 = 20郾 891, z = 1320郾 788.

In the fuzzy mathematical programming problem
(11), the EFMF has been chosen as the membership
functions. However, the discrete functions ( 12 ),
(13) cannot be modeled by traditional methods. On
the basis of the given approach, the EFMF can be
transferred into a continuous form firstly, and then the
programming problem can be modeled as a solvable
form (15). Finally, the optimal solutions can be ob鄄
tained easily through the GAMS solver.

The value of the two constraint functions can be
calculated from the optimal solutions as: g =
416郾 1997, h = 437郾 463. Mark the points (416郾 1997,
0郾 7) ,(437郾 463, 0郾 7) in Fig. 8 and Fig. 9, and they
are accurately located in the third and second ( from
left to right) segment respectively, meaning the opti鄄
mal solutions are extremely consistent with the EFMF
and the problem is solved effectively.

3摇 Conclusion
In this paper, the EFMF and its construction

method are introduced firstly. Then, the absolute value
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representation method for EFMFs, which can realize
the membership degree value changing by means of the
sign switch controlled by absolute value symbol, is sug鄄
gested. Taking advantage of the method, the modeling
algorithm for fuzzy programming with EFMFs is pro鄄
posed to fill the blank of relative approaches. Finally,
the solving and analysis of a numerical example is car鄄
ried out. After obtaining the results with the given
method, the validity is proved by the analysis of the re鄄
sult locations in according membership functions.
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